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Abstract. The quantum inverse scattering method is applied to the nonlinear Schrodinger
model of fermions with attractive interaction. Both scattering and bound-state operators
are constructed. Among state operators, there are a generator of infinitely many conserved
quantities and the creators of the the eigenstates of these quantities. The commutation
relations and the eigenvalues of physical interest are calculated. The quantum Gelfand-
Levitan equations are established. The Fourier transform of the connected part of the
4-point Green function and the two body S matrix are calculated explicitly.

1. Introduction

In the development of the quantum inverse scattering method, the nonlinear
Schrodinger model has played an important role. The direct problem of bosons
of spin 0 with repulsive coupling was solved by Faddeev and Sklyanin (1978), Sklyanin
(1979) and Thacker et al (1979). The correspond inverse problem was done by Creamer
et al (1980). The direct generalisation of the work of Sklyanin (1979) and Pu and Zhao
(1984) to the multicomponent nonlinear Schrodinger model of bosons or fermions with
repulsive coupling was made by Pu et al (1987). Other generalisations with different
emphasis were made by Kulish (1980, 1985). The system consisting of both bosons and
fermions was studied by Fan et al (1988).

As is well known, there are bound states in the nonlinear Schrodinger model
with attractive interaction. This makes the solving of the system much more difficuit.
Gockeler (1981a, b) introduced the bound-state operators in solving the system with
attractive coupling. Although his method is rigorous and elegant, it is too complicated to
apply to the multicomponent nonlinear Schrédinger model. In this paper, we generalise
the simpler and rigorous approach of Pu and Zhao (1986) to solve the multicomponent
nonlinear Schrodinger system with attractive coupling. In §2, we define our model
and introduce the auxiliary linear problem. We derive the commutation relations for
some important operators by solving two sets of Yang-Baxter equations. Then, we
construct the state operators and calculate commutation relations between them in §3
and discuss these state operators in §4. In §5 and 6, we derive the Gelfand-Levitan
equations of our model which are the central results of this paper. Finally, we apply
these results to calculate the Fourier transform of the connected part of the 4-point
Green function and the two body S matrix.

§ Present address: Department of Mathematics, University of Wisconsin-Madison, Madison, WI 53706,
USA.
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2. The model and the auxiliary linear problem

Through this paper, we adopt the following convention: indices a,b,c.d = 1,2,...,N
and I,m=1,2,...,N +1 where N is an even number; summation is taken for repeated
indices.

The quantum nonlinear Schrédinger model of spin (N — 1)/2 is defined by the
Hamiltonian

H= fx{aw(x) 511(’9 + cu+(x)u+(x)u(x)u(x)} dx Q.1
—% éx ox

where ¢ < 0 is the coupling constant, u(x) = (u,(x),...,uy{x)) are the Heisenberg field
operators satisfying the equal time anticommutation relations:

{ul (x),u, (1)} = 0,,0(x — )
{u(x),u,(x)} = 0. 2.2)

The vacuum state |0) of the system is defined by u(x)|0) = 0 and (0|0} = 1.
The Zakharov-Shabat auxiliary linear problem (Zakharov and Shabat 1971) for
our system is

¢ \ \ ,
E Tx,y| A= Lx,A)T(x,y| 4): (2.3)
Tyl =1

where ‘: ... " denotes the normal order, 4 is the spectral parameter and

L{x,A) =140 /2 — \/——cENH,au:{(x) + V—CE_ y 1t,(X)
where EU,i,j =1,2,...,N+1,and J are (N + 1) x (N + 1) matrices defined by
(Eij)lm = 5i15jm
J = diag(l,...,1,-1).

Starting with (2.3), we can obtain

-

50; (TCuy | D@ Tyt w)=Dlp|x) [Ty Tyl : (2.4)
where
D4, p| x) = L(x,2) @1 +1 & L(x,4) + cEy,y,® E,n
where ‘®,’ is the direct product of matrices in the graded sense, which is defined by
(U ®, V)u:j‘m = (_l)ptl)[p(i)ﬂau)] Uij Vim
where U and V' are (N + 1) x (N + 1) matrices and

g1 ifl=N+1
pil) = {O otherwise.
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After solving the Yang-Baxter equation
R(A, wD(Aulx)y=D(u 4| x)R(4, 1) (2.5
we get immediately the commutation relations
RAWIT(x,y 1 A @ T(x,y 1wl =[T(xy|p& Txy|AHIR(Apu (2.6)

where

\ ic A—u
I ) = Ly + (PP _—_— | E,,. 27
Rt 1 A—p+ic ™ T A—p+ic tm ® By @7

Now, we introduce some operators important to solving the model:

(ﬂ(X, A) = jln:l E(_ys /")T(yax | /') (28)
7(x,4) = yliﬂlx T(x,y | AE(y,4) (2.9)

where E(y, 4) = exp(iiyJ /2).
The analyticity of ¢(x, ) and y(x, %) are described by the following table:

Operators Analytic region
Qam(X: A)y 215X, 4) Imi<0
Onatm( X A iy (X 4) Imi>0

After some manipulation on (2.6) similar to what was used by Thacker (1982) in
which the existence of the limit of ¢ and y as y — +oc are taken into consideration,
we get the following commutation relations for ¢(x, 4) and x(x, A):

Ry () [052) @, 9, 10] = [pc,1) B 0(x, 4] St (2.10)
ij_—z) tlx, ) @, x(x, )] = [2(x, 1) ®; x(x, 1)] R_(4, p) (2.11)
where
R. (4w = 7 i #Ea.b ® [Tifﬁ‘sabEc.c + ﬁﬁ_iclfb.a + im0 (4 — #)EN+1,N+1]
Tj:j_-i;ENH.u ®E Nyt %anﬂ ®Eniig

—ind (4 — WEy v ® Ea.a'

R_(/4, ) can be obtained from the expression of R, (4,u) by changing the sign of the
J-function term.
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Similarly, we find

RiGIT e,y | )@, T e,y | )} = [T 06y | @) ® T (x,y | A)] R(, 1) (2.12)
Ry () [07(x,4) @, 05T (x, 4)] = [0>T (x, 1) ®, @™ (x, )] Ry, (4, ) (2.13)
Ry_(h) [0 2) ®, ¥ (x, )] = [T (x, ) @, 1" (6, )] Ry (4 ) (2.14)

where ‘ST’ is the supertranspose of matrices defined by

(TST),m = (_I)PU)LMM)H] T,

and TH(x,v | 2)=[T(x,y | A)]*:

) ic 4 —u—iNc
Rl (/" ,u) = El.m ® [(_I)P“H’P(M) '/"T#El,m + —TAL—N—(_I)P(I)P(’")EMJ]

. ic /. —pu—1iNc
R_(/.,p>=Ea_b®[/._ﬂEa,b+ R Eb,a]
A—u—iNc¢
+Enia® T _a

Eoso + 080~ WEy o]
A—u—iNc .
+E N ® [——/‘__#_—EN+1,¢; —mfc|d (4 — #)Eaﬂ+1]

(A—u—iNc)(4 — u—ic)
(,:~ —u+ i0+)2 EN+1JV+1 ® EN+1J\’+1-

The relation between R, (4, u) and R;_{4, ) is the same as that between R_(4, u) and
R_(4, ).

3. State operators

Just as in the nonlinear Schrodinger model of spin-0 particles, there are scattering
states as well as bound states for our system when ¢ < 0. We start searching for the
state operators corresponding to them with the following definitions:

enrlay,...,a,, | 4x) H(p\,ﬂu X, ;) H 90v+1N+1(x” ) (3.1)

j=n—r+l

where 4; = A+ic(n—1)/2 —ic(n—j). They are analytic with respect to 4 with sufficient
large Im 4. An important property of ¢(...) is

e, r| Pa,,Pa,,....,Pa,_ | 4ix)= (=¥, r | ap,...,,_, | A X) 3.2)

where P is a permutation of a,...,q,_, and (—1)!"] is the sign of it. This antisymmetric
property can be justified by

On a1 (X A+ 10PNy X, 4) = (=P OFHPm+ cm{X AFic)oy, (x,4) (3.3)
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which is derived from (2.10). Now, (3.1) admits the following general Neumann
expansion

onr|ag,...,a, .| 4Xx)

z Z f f dx,...dx, ,dy,...dy,dz,... dz,

k=0 1<b <..<bi<N

x h, (n,r a‘,..,,a""';b',... by bk ...,bl Z,x)
Xy Xu—r V1 Vi »
X up (%)) ..oup (X, up (3y) .. ug (xk)ubk (2) .. up, (2)) (3.4)
where A (| ... | ... | 4,x) are antisymmetric with respect to the integral variables

correspond to the indices in the same ‘box’. By using the Gockeler (1981a) method,
and the equation

—omria,....a,, 14X

0x
= 1 [@r—n) +ich—nrienr]|a,....a, | Ax)

n—,
+Z —1y-1y/= cu xyomr+1]a,...,a8,....a,_, | 4Xx)

J

—cromr—1]|a,....a,_,,a|ix)u,x) (3.5)

(where the bar on the index a; means the absence of it), as well as the boundary
condition

lir_n exp(iinx/2) o(n,r | ay,...,a,_, | 4, x) =3, (3.6)
we can prove that h (] ... | ... | 4,x) are analytic with respect to A and when ¢ < 0,
Imi>0
h(nri...|...| 4x)

n--r k
< Ci(n,r) H f(x; > x) H 8(y; > x)8(z; > x)exp { [c(n —r)r/2 —rIm ] x}
j=1 j=1

(3.7
where k =0,1,...;7=0,1,...,n and C,(n,r) are constants. This implies the analyticity
of ¢(n,r | a,...,a,_, | 4, x) on the upper half i plane when ¢ < 0. Furthermore, we
have

Yl_i‘r_ngc enria,...,a, . |4x)=0 for r #0,n. (3.8)
We define the state operators 4,(4) and B*(...) as the following:

A (A) = ‘l_i.r;nx exp(idnx/2) ¢(n,r | ay,...,a,_, | 4,x) 3.9)

B(i|n|a,...,a,)= xgrzxx exp(—iinx/2) ¢(n,0 | ay,...,q, | 4, x). (3.10)



4840 Haitao Fan, Fu-Cho Pu and Bao-Heng Zhao

These state operators satisfy the following commutation relations which we will derive
in appendix 1:

A, (DA, (1) = A, (WA, (4) (3.11)
A B (uiniay,....a,)

11 ropielnmm  22/2 g A () (3.12)

P A—p—ic(n+m—2k)/2 +i0+

where 7 = min(m, n);

AABuiniay,...,a,)

_ H / —ic(n+m—2k)/2
/—u+1c(|n—m|+2k)/2

B, (ulnlay,....a,)A,(4). (3.13)
We list the commutation relations for 4,(4), B{...), B*(...) etc in appendix 1.

4. The eigenstates of the system
Since A4,(4) and A, (1) commute, the expansion of in 4, (%) near |A| =

S

lnAl().)= ( )R

4.1)

! Mx

will provide us with a family of commutative operators {C,;k = 1,2,...}. Further
comnputation shows that the number of particles

N=-C/c
the total momentum
P =iC,/c—iC,/2
the total energy
H = C3/C—C2+CC1/6
and therefore {C,;k = 1,2,...,} is a family of conserved quantities of our system which
commute with each other.
Another kind of conserved quantities are generated by

T,»(4) = xlir_ny exp(—iix/2)@,,(x, 4) 4.2)

in the same way as (4.1). Among these quantities there are

N, = fx dx u (x)u,(x)
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(a is fixed), namely the number of particles with a fixed value of the z component of
spin.
Equation (3.10) indicates that
By Iny Lal,...al) . BTy In al.. . all) | 0) 4.3)
where k = 1,2,... are the eigenstates of A4,(4) and thus common eigenstates of the

infinite number of conserved quantities C,, n = 1,2,.... The eigenvalues of physical
interest are given by the following:

[N.B*(~|nlay...,a)] =nB*(i{nla,...,a,) (4.4a)
[P.B* (/| nlay...,a,)] =niBT(iin|ay,...,a,) (4.4b)
2
[H.B™(4|n|ay,....q,)] = [n),2 — §§(n3 —n)} B*(4|nlay...,a,) 4.4¢)
[H,4,(4)] =0. (4.4d)

This is equivalent to saying that the action of B¥(4A | n | ay,...,a,) on a state of
our model is to add to the state an n-particle part (bound part if n > 1) with total
momentum n4 and total energy [ni° — £5c?(n* — n)], and the z component of the total
spin (Xioya;) —n(N + 1)/2.

From (4.4c) and (4.4d), we derive the following time evolution relations for BY(...)
and A4,(4):

B (ulay,...,a,|t) =exp(iHt)B* (1| a,,...,a,) exp(—iHt)
= explit[ng? — 2’ —n)/1213B* (u | ay,...,a,) (4.5)

A (A1) = A4,(4). (4.6)

Another fact implied from (3.2) is that there are only 2 — 1 different B*(} | n |
a,....a,); N of them correspond to the scattering states of the system while the others
correspond to the bound states.

In the following, we consider the states (4.3) as a complete base of the state space
of our system and, therefore, we can prove equations and the analyticity of operators
by evaluating the actions of these operators on the states (4.3)

5. Gelfand-Levitan equations (1)
We can prove the following by the definition (2.3) of T(x,y | 4) that when x >z > y
Tx,z | A)T(z,y | A) =T(x,y| A G

and

T x,y | A—ic) =exp [c(x —y)/2] IT*(x,y | A)J. (5.2)
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Equation (5.1} tells us that ¢(x, A)x(x,4) is a constant with respect to x and we
denote it by

T(4) = @(x, A)x(x, 4). (5.3)
In fact,
Tyniine1(4) = 4,(4). (5.4)
If we define
TH(x, 4) = E(x, )o(x, 1) (5.5)
T (x, 4) = x(x, ) E(—x, ) (5.6)

(6", 0)" = (TP (x,2),.... T, (x. ) (5.7)
W00 A) " = (T (A, T (x, 2) (5.8)
then (5.1) and (5.2) lead us to an Izergin-Korepin relation (cf Izergin and Korepin
1981) for the Jost functions ¢ (x, A) and v (x, 1):
G(x,4) = AT (A —ic)p VD (x, 4 —ic)

= BT(A| 1| a)A7 (w9 (x, 4) exp(—iix) + p ™V (x, 4) (5.9)

¢ . =iy V=c u*(x)) o
= Gx,4) = ( Jeut) 0 G(x,4) :
+ ey Py (¢, DTN (%, AT A TG (%, 4) (5.10)

where e] = (0,...,0,1,0,...,0) are (N + 1)-dimensional vectors with bth component
equal to 1, and

FyL (6, 2) = =BT (4| 1] @) AT (A Ty (X, ) expl(—idx) + Th) (% A).
This hints to us to introduce
F9x,4) = B*(A| 1| @)AT ATV (x, 4) exp(—iix) + $9(x, 4) (5.11)

(where $(x,4) = [p“*(x,4)]7) to form a complete group of differential equations
along with (5.9):

O e oy . 0 v—cu(x) @ )
é; F (x, /.) ==. ( —\/—_C u+ (x) —l/, F (x A) .
— cen o FN (06 AT e, AT (4 AT (%, ). (5.12)

The boundary conditions of G(x, 1) and F@(x, i) at x = o are

G(ac, ) = ey, [BY (4|1 a)AT (A)B(A] 1| a) + AT (})] (5.13a)
F'o0,4) = ey [Tha(A) + Ty (WATH(AB(A| 1| @)]. (5.13b)
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When % # p, we have

h—p—icnt1)/2 g

G(w,]_)B*w\n\al,...,an)=/_#+1C 1)

B*(uinia,...,a,)G(x, i)

F%c, )BT (1| n|ay,....a,)

= B*(uln|ap,....a)Fy (50, 7)
(=1)ic

. _ =,
+0a_a1/ P 1)/2B+(y |nld,a,....a,...,a,)F, (0,4

st A—pu—icn—1)/2 .

AIl(/.)B'(ylnial,...,an)=)'_#_HC“H_1;;237;”nlal,...,an)All(A)

We conclude from these that G(sc, 4), F (o0, 4) and A~ (1) are piecewise analytic on the
upper half 4 plane with discontinuities across ImA = —en/2 where n=1,2,...,N —1
for G(oc,2) and F@(cx0, ) while n = 2,3,...,N + 1 for A=!(4). Thus, we can expand
G(x,4+) and F'¥(x, 1) as we did for ¢(...) in §3 and analyse the analyticity of G(x,4)
and F9(x, A) with the help of the differential equations (5.10) and (5.12). We can find
that G(x, /) and F'?(x, i) are analytic except when ImZ = —cn/2, n = 1,2,...,N + 1.
On the other hand, the equation

Gix, i) = A7 (A — i)™V (x, 4 —ic)

enables us to rule out two of them: ImA = —cN /2, —¢(N + 1)/2 for G(x, 4).
Now, using the analyticity of G(x,4) and F(x,/) as well as their asymptotic
behaviour

. 1
G(x,4) ~ ey + O(z)
@y ; 1
F'9(x, /) ~ e, +O(7)

we can study some contour integrals and write out a series of integral equations

1| a)A7! @ (x, .
PV (x, 2) = ey, — 2mf dy MR ) [ Wy (x4 exp(—ipx)

A—p—i0+
N . .
1 > disc G(x, u —icn/2)
- d .
2m f_, A-—p+icn/2 (5.14a)
(N+1) A B( | 1 | )
(u) d (x, 1) (#) u .
(x, 4) 2 f i aTiot expliux)

Vi’ f disc F* (x, u+inc/2) 5 14b

T 27 A—pu—icn/2 (5.145)

where disc G(x, u) = G(x, u + i0+) ~ G(x, u — i0+).
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6. Gelfand-Levitan equations (2)

6.1. The expression of disc (x, 4)

In the previous section, we obtained a series of integral equations of our system. But,
we still do not know much about disc G(...) and disc F'?(...). We are going to find a
expression for them in this section.

First of all, we can prove that disc G(x, 4) can be expressed in the form

7 (x, 4)
disc G (x,24) = (H (x,A),..., Hy(x, 2)) ( : )exp(—i).x) (6.1.1)
w7 (x, 4)

by using disc 47!(4) x A(4) = 0 and the following consequence of (5.2):

( T A o T (% 4) )1 Tair (x4
: : y _

T4 o Ty (% 2) T in (% 4)
TN (x4 —ic)

= - : (TN A (x4 —i0)] 7" (6.1.2)
T\ (x4 —i0)

Taking ¢/¢x on both sides

disc A7 (2 —ic)p™ T (x, A —ic) = disc G7 (x, 4)

N7 (x, 4)
= (H,(x,5),....Hy(x, 1) ( : )exp(—i/lx) (6.1.3)
™7 (x, 4)
and using
w7x, 4) w7 (x,4)
uy (x) ( : )J = ( : ) (4 (x) = $vV—=c Ey 1] (6.1.4)
™7 (x, 4) w™M7 (x, 2)
uf ()N (x, ) = —p NI (x, 4 [u;(x) — IV By (6.1.5)

and (5.1) and (5.3), we find that for arbitrary y

. X A )
(ai Hl(x,;.),...,iHN(x,;.)) ( : ) =0 (6.1.6)
X x :
w7 (x,4)

This means that H,(x, /) are constants with respect to x and therefore

w7 (x, 4)
disc GT(x,4) = (H,(4),..., Hy (%)) ( : ) exp(—iix). (6.1.7)
w™MT(x, )
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On the other hand, it can be shown by calculating the eigenvalues of G(x, 1)
corresponding to (4.3) that

disc G(oc, £ —ic(n—1)/2)
= ey BT nay....a)A7 (4) (A7 (A —ic/2) " B(i|nlay...,a,).

(6.1.8)
This equation and the definition of B*(...) lead us to the conjecture that
disc G(x, A —ic(n —1)/2)
= BT nlaa,....a, ) x A7 (3) [A7, G +ic/2)]
x B(i+ic/2 | n—1]ay,...,a,_ )¢9 (x,A—ic(n—1)/2)
x expl—ix[4 —ic(n — 1)/2]} (6.1.9)

that is

H,(A—ic(n—1)/2)=R*(4|n|a.ay...,a, )R(A+ic/2|n—1]a,,....a,_,) (6.1.10)
where
RT(i|nlay,...,a) =B (| nla,...,a,)A;" (A
In appendix 2, we will prove this conjecture and justify the expression

Z(-l)[”B(i +ic/2|n—1]Pay,....Pa,_ )P (x, ) —ic(n — 1)/2)
P

as the analytic continuation of
Z(—l)“’]B(;. in—1]Pa,...Pa,_)pF" (x,i—icn/2)
P

where P are the permutations of a,...,a

6.2. The Gelfand-Levitan equations
By computing the following:
ul (x)G(x, 4) + JG(x, A)uy (x)

we find the relation between H,(4) and disc F;, (x, 4):

Ty, 4)
({up(x), Hy (A}, ... {up(x), H(A)}) ( : ) exp(—iix)
vV (. 4)

w7 (y, 4)
= v—cdisc [(FAL (x, Ao, N (x, ) T, 4 (x, AT ()] ( : )

p® ’T.(y, A)
(6.2.1)
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This means that if the action of one of the {u,(x), H,(4)} exp(—iix/2) and
disc [F' (x, )Ty (%, AT ()]

on the states

fﬁ f dx, .. dx, [ 00 < %) 80 %100 %), 06) 1, () O) (622)
% =1

is well defined, then so is the other and they are equal:

{uy(x), H,(4)} exp(—=iix/2) = disc [F9(x, )T, (x, HAT (D] (6.2.3)
This conclusion leads us to the discovery that if

A (x, i) = H(A)JFNV(x, ) (6.2.4)

is well defined, then

= [8“(x ) = disc F (x, 2)]

= :(-\/_—Suux) ﬁfﬁ“’)[A'“’<x,f‘-)—discF‘“’(x,»:)] g (6.2.5)

On the other hand, after evaluating the action of A@(cc, 2) + disc F'” (o0, 4) on states
(4.3), we find that it is zero. According to the uniqueness of the initial value problem
of (6.2.5), it follows that

disc F'“(x, 4 +ic(n — 1)/2)
= JpNT(x, A +icn—1)/2R (A—ic/2 | n—1{a,,....a,_,)
x R(4|nla,a,...,a,_,). (6.2.6)
We accomplish the above derivation by proving, in appendix 3, that A"®(x,2) and

A (oc, 2) are well defined. Now, we can replace the disc G(x,4) and disc F(x,4) in
(5.14) by (6.2.6) and (6.1.9) and obtain the Gelfand-Levitan equations of our system:

Nl _ exp 1x iC n—l /2]}
W A) = ey — 27.”2/ A i+icm—1/2—i0+

x R™(uin|ayay,...,a, )Ru+ic/2\n—1]a,,...,a,_,)
x ! (x, 4 —ic(n —1)/2) (6.2.7a)

S _ e exp\1x[u+1c(n— 1)/21} el oL
¢ ( e + Zy/_‘_j 2 1Cn—1)/2+]0+ JlP (X,A+1C(n 1)/2)

X R (u—ic/2|n—1]ay,...,a,_ )R(ul|nlaa,...,a, ). (6.2.7b)



Nonlinear Schrédinger model 4847

Expanding the (N + 1)th component of '@ (x, 4) near 4 = oo, we find that

@) ) 1Wv/—c
A

Yna (X 4) = ()+O( 5)- (6.2.8)

Applying (6.2.8) and (4.5) to (6.2.7), we find the time evolution for the Heisenberg field
operators:

u,(x,1) =

duR(u | 1| a) explipx — ip’t
anixu(ulJ)p(u §ot)
1 s x’ x*L
b du, du, d
(27:)3\/32f_xf_xf_x Hi CH O
X [exmix(ﬂ]+u3—u2)+it(uf—#f—u§)l

R+(u2|1|b)R(u3|1|b>R(ul|11a)] * e d
(s — iy + 104) (3 — iy — 101) <2n)2f sk

R (uy | 1] D)R(yy | 2| b,a)}
(#2"M)2 +c2/4
+.... (6.2.9)

w [enptin(au =) + it - 22 +36)

By using the above results, we can calculate explicitly the Fourier transformation
of the connected part of the 4-point Green function and the two body S matrix. They
are

—8m%ic [1 + (—=1)'] 8(k + ky — k| — k3)d (@) + @y — @) — w))

G4(‘ =
M2, [k — ;= i0-+)(K? — ) — i04)] (1 +ico~)

and

ic A—u
A—p+ic A—p+ic

S=(=1’

respectively, where J is the total spin of the two particle states and

Appendix 1. The commutation relations of state operators

A natural way to get the commutation relations for state operators is to calculate the
corresponding relations for ¢(...). For example, we study the commutation relation

between ¢(n,n | 4,x) and ¢(m,0 1 a,,...,qa,, | , x) in the attempt to find the one between
A,(Z) and B(u | m|a,,...,a,).
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Lemma.

onrlag....a,, | Lx)oms|b,... b, | ux
can be expressed by the linear combination of

ems | b, b, lwx)eny | ay,... d,_. | AX)

where b,...,b,_..,d),....a,_. are the rearrangements of a,,...,a,_..b,,....b, ..

Therefore,

om0 a,....a, | wx)enn| ix)
= cp(mn| AL x)em0|a,....,a, | @Xx)
+¢0,,0n,0 | ay,...,a, | p,x)omn| A x)+.... (AL.1)
According to (3.6), all the other terms vanish as x — —oc. Thus, the only thing we have
to do now is to calculate the coefficients c,, ¢, in (Al.1). We accomplish this by using
On 1 (X APy 4y m(X, 1)

A—U ,

= (—1)[”““][1’('")“]mﬁ"‘wl,m(-’fs#)fpiwu(xa/~)
ic )

- mﬁl’wﬂ,z(x, AN 1 m{X, 1) (A12)

We have

on,nl|ix)em0la,...,a, | ux)

om0l a,,...,a, | wx)enn|ix)

_ ﬁ/‘.—y+ic(|n—m|+zk)/2
L u—iem+n—2k)/2

(ic)"n'3,,

T Ti—a—ictn — K]

om0 ay,....,a, | wx)emn| Ax)+....
(AL3)

By letting x - —oc in (A1.3), we get (3.13).
Similarly, we can obtain other commutation relations among A4,(4), B*(...) and
B(...). We list some of them in the following:

B*(ilnlay,....a,_,.cp,....,¢c)BY(u|m|b,....b, ,c....c,)

A

- Z Z (_1)mn+1(n—r)+21:1(ik+jk)(ic)ll!
<

=0 (Igii< <n—r) (Igfi<..<jig<m—r)

UM = e n—m | +2k+2)/2]
7_,[A—p—icm+n+2-2k)]

H [A—p+ic( n—m | +2k)/2]
k=A—-r+1

. _
x B (,u]m!ail,...,a,-/,bl,...,bjl,...,bjl,...,bm_,,c,,...,cr)

+(; 5 7 5
x BT(4A|n| a,,...,ail,...,ai,,...,a,,_,,bjl,...,bj’,c,,...,c,) (Al.4)
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where the sets {a,...,a,_,} and {b,,...,b, } have no common element and c|,...,c
are fixed. The bar on the indices means the absence of them:

r

B(iinlay...,a He)B I ml by, b, cpy.c,)

n—rs €1 * Ym—rs

r

= Z Y, =)™y
1<ij <,

1=0 (1<) <oy <8) (dy €10ty

y HZ;{"[A—u—wﬂ n—m|+2k—2)/2]
O7_ [4—p+icim+n+2—2k)]

— w4+ cE(m+n)?/4
- w)? +c2n—m)?

x H h—u 1c(|n—m|+2k)/2]

k=R—r+1+1
x Bt(u|m]| bivoiisbp podysesdicpyiC L, 08 0)
XB(;'lnxal""’an re ll’ . d,,ac]a ey El‘lv"séi[’ acr)
2
+ (nn__| C)}y mn nré(/ —ﬂ)A+(/)A (/) (AlS)
Appendix 2. The proof of (6.1.9)
Definition.
wnriby,....b,_, |ay,....a,|4Xx)
= Z( 1)[P]H(’V+1Pa, —j+l) H /b_, Pa, X, —j+l) (Azl)
j=r+1

where 4; = A +ic(n —1)/2 —ic(n — ).
From (2.11), we can derive that

x[a (x, ;- + iC)Zmb (X, ;'-) - X[b(xa ':' + ic)Xma (x’ ;~) = me (x7 /‘“ + iC)X[a (xa /.‘) - Xma (x’ ']~ + ic)le(x9 A')'
(A2.2)

Now, we can prove the analyticity of y(n,r | ... | A4, x) on the lower half i plane by
using the same method we used to prove the analyticity of o(n,7 | ... | A, x).
Operators y(n,r | ... | A4, x) along with @(n,r | ... | A4,x) gives us an alternative

expression of B¥(...):
B*(i|n| a,,...,a,)
1 ¢ /n .
= n—" (_1)(n+l) (r)q)(n,r ‘ bl""’bn-r | /"x)
0

xx(nrlby,....b,_, lay,....a,]|4x). (A2.3)
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Thus we can make the right-hand side of (6.1.9) well defined by introducing the
expression

N (1B +ie/2 I n=1]ay,.. 8., 8,) Thg* (%, A —ie(n = 1)/2)

ma;
j=1

n—1
(—’1)“_5MJ\’+1)" n— 1 L '
= ;—W , exp{3i[4 —ic(n — 1)/2]x}
X (P+(n— 1,r] bl""’bn—r—l | j-+iC/2,x)
X gt nr+8, 5y | (1 =0, no)m by, b, lay,...a,|4x). (A24)

Under this definition, the right-hand side of (6.1.9) has the same boundary value as
that of disc G(x, 4) at x = co. This implies that the action of

disc G(x, A—ic(n—1)/2)—H (A—ic(n—1)/2)p“ (x, A—ic(n—1)/2) exp{~ix[A—ic(n—1)/2]}

on the states

|f(m,y)>=f f dx, . dxp £ (kpvees) [ 00 > 305 () .., () 1 0)
—a - il

is zero and hence (6.1.9) foliows.

Appendix 3. The existence of A®(x,4) and A (0, 4)

Noticing (A2.3), we find that the existence of A (x, 1) depends on the existence of

Inne1 (X A+icn—1)/x(n—1,r | by,....b,_,_y | ay,...,0,_, | A—ic/2,x)
sxm|n—1r|b,... b,y lay,...;a, | 4X) (A3.1)

or yim|n—1,r|b,,....,b,_,_; | 4 x) for short. With the help of

xbinr—1]bb,. ... b 1Ax)==1xy(N+1|inr—1|b,....,b,_, | 4,x) (A3.2)

which originates from

Ton+1 (6 A +10205(5 A) = —2% 4y n1 (6 A +10) Uy 41,40, 2) (A3.3)

we derive the following differential equations:

é
ax(aln,rlbl, csby, 1 A,X)

= ji[n=2r=Di—icr—r)r+1)/2) x@a|nr | by,....b,_, | 4,x)
+V=cuf()y(N +1|nr|b,....b,_, | Ax)
+ V=) ()@ nr—11ab,....b, | Ax)

+ \/—CZ(—I)’x(a | e+ 1 by by, | Ay x)uy (x) (A3.4)
{=1
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—a—x(N+ Linrlby,....b,_. | 4,x)
Ox

= %i[(n—2r+ DA—~icn—r+ D)l x(N+1]|nr]|by,....0,, | 4X)
—V=c(=1)x(b | nr by by, | A X)up(x)
+ V(=1 ruf (x)x(N + 1 | n,r — 1| b,by,....b,_, | 4 x)

+ \/—_ci(—n‘x(zv +1imr+10b,....by....b,, | L,X)u,(x). (A35)
=1

By studying the Neumann expansion of y(m | n,r | by,...,b,_,_, | 4, x) with help from
(A3.4) and (A3.5), just as we did for ¢(...), we can prove that y(m | n,r | b,,...,b,_,_, |
A,x) are analytic on the lower half 4 plane. As a by-product, we prove the existence of
A9 (0, A).
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